The recently suggested quasi-local spin-angular momentum expressions, based on the Bramson superpotential and on the holomorphic or anti-holomorphic spinor fields, are calculated for large spheres near the future null infinity of asymptotically flat Einstein-Maxwell spacetimes. It is shown that although the expression based on the anti-holomorphic spinors is finite and unambiguously defined only in the center-of-mass frame (i.e. it diverges in general), the corresponding Pauli-Lubanski spin is always finite, free of gauge ambiguities, and is built only from the gravitational data. Thus it defines a gravitational spin expression at the future null infinity. The construction based on the holomorphic spinors diverges in presence of outgoing gravitational radiation. For stationary spacetimes both constructions reduce to the 'standard' expression.
Introduction
The energy-momentum and angular momentum density of matter fields is described by their energy-momentum tensor T ab , whose contraction with a Killing field K a gives a divergence free current T ab K b . The flux of this current on a compact, spacelike hypersurface Σ with boundary S := ∂Σ is therefore conserved, i.e. depends only on the boundary S and independent of the rest of the hypersurface. In Minkowski spacetime the independent Killing 1-forms are the translations K dΣ, where t a is the future directed unit timelike normal to Σ and dΣ is the induced volume element on Σ. P a S and J ab S can be interpreted as the quasi-local energymomentum and angular momentum of the matter fields associated with the 2-surface S, respectively. If Σ extends to the spacelike infinity i 0 or to the future (or past) null infinity I ± of the Minkowski spacetime, then, provided the limits exists (by imposing certain fall-off and global integral conditions, e.g. parity conditions at the spacelike infinity), then they define the global energy-momentum and angular momentum. In general relativity the usual fall-off conditions on the 3-metric and extrinsic curvature on a spacelike hypersurface ensure that the ADM energy and spatial momentum are finite and unambiguously defined [1, 2] . However, to have finite and unambiguously defined angular momentum and center-of-mass additional conditions, e.g. explicit parity conditions on the three-metric h ab and extrinsic curvature χ ab , have to be imposed [2, 3] . These are preserved by the evolution equations, ensure the functional differentiability of the Hamiltonian on the whole phase space, and yield unique Poincare structure both for the lapse-shift at infinity and the Hamiltonian. At spatial infinity the energy-momentum and relativistic angular momentum are the value of the functionally differentiable Hamiltonian, which are just the familiar ADM energy-momentum and spatial angular momentum, and the center-of-mass of Beig andÓ Murchadha [3] . Thus, although there are interesting open issues, e.g. whether the angular momentum measured at the spacelike infinity enters the Penrose inequality or not [4] , the spatial infinity case is well understood. angular momentum. Recently we suggested to complete the Dougan-Mason energy-momenta by a spinangular momentum expression based on Bramson's superpotential, but, instead of the Ludvigsen-Vickers prescription for the spinor fields, we suggested to use holomorphic or anti-holomorphic spinor fields [36] . These have already been studied in various situations (pp-waves [36] and small spheres [37] ). In the present paper these spin-angular momentum expressions will be calculated for large spheres near the future null infinity.
In [22] Bramson introduced his superpotential as the superpotential for the conserved O(1, 3)-current C a ab , derived from Hilbert's second order Lagrangian (considering that as a function of the tetrad field and the O(1, 3)-connection 1-forms). However, he defined C a ab as the partial derivative of Hilbert's action with respect to the connection 1-forms, while in gauge theories the conserved currents corresponding to the internal gauge invariance are the variational derivatives of the particle action with respect to the connection 1-forms. In fact, this variational derivative is zero. Thus, in Section 2, first we show that Bramson's superpotential can be derived from Møller's tetrad action in a correct way, and then we review the status of our specific quasi-local spin-angular momentum expressions and provide the general formulae for the large sphere calculations. In Section 3. we review those structures of the future null infinity that we need, especially the BMS translations and rotations and their spinor form, and quote the asymptotic solution of the Einstein-Maxwell equations from [38] . Then, in Section 4, we calculate the anti-holomorphic spinangular momentum for large spheres expanding that as a series of r −1 . We will see that although this is diverging linearly and its finite order part is ambiguous in general, the Pauli-Lubanski spin vector built from the anti-holomorphic Dougan-Mason energy-momentum and spin-angular momentum is always finite and well defined. To demonstrate this, we need the O(r −1 ) accurate expansion of the Dougan-Mason energy-momentum. Since, however, this calculation has been done only for stationary spacetimes [39] (and apparently an r −1 order term was overlooked), we have to clarify the asymptotic behaviour of the energymomentum, too. In Section 5 we show that in stationary spacetimes the anti-holomorphic construction reduces to the 'standard' expression. The holomorphic construction, calculated in Section 6, is diverging quadratically in presence of outgoing gravitational radiation, but gives the same 'standard' expression for stationary spacetimes. Finally, in the Appendix we discuss how the various spinor equations determine special spin frames on two-spheres, in particular, on round spheres and on large spheres near the future null infinity. We show how the BMS translations and rotations can be recovered from them. We found that, in addition to the usual representations, they can also be recovered from the solutions of the limit of the Dirac-Witten equations on the unit sphere cuts of I + , too. We treat the 2-surface twistor equations also in the traditional way instead of the almost exclusively followed conformal method. Our conventions and notations are mostly those of [40] . In particular, we use the abstract index notations, and only the underlined and boldface indices take numerical values. The signature is -2, the Riemann-and Ricci tensors and the curvature scalar are defined by −R 
where α is some normalization constant, to be determined in some special situation. C a ab is identically conserved, and we call the corresponding superpotential 2-form, W [42, 43] (and see also [44] ): C 
′ J AB , we find that
This is precisely the 2-surface integral of the spinorial Bramson 2-form [22] . Therefore, it has a natural Lagrangian interpretation in the sense that it is the spinor form of the superpotential of the conserved current derived from Møller's tetrad Lagrangian. In the present paper by quasi-local energy-momentum we mean an expression which is based on the 2-surface integral of the Nester-Witten 2-form:
For any pair of spinor fields λ A A this defines a Lorentzian 4-vector, and it is natural to choose the spinor fields in (2.2) and (2.3) to be the same. (A more detailed discussion of these issues, and, in particular, the connection of these concepts and the current C a a will be given elsewhere [45] .) The quasi-local Pauli-Lubanski spin vector will be defined in the standard way by
is not zero, then the dimensionally correct definition of the Pauli-Lubanski spin is 1 m S AA ′ .) To complete the construction of these quantities, however, the spin frame field λ A A must be specified on, and only on S.
In the present paper we will assume that the spin frame is holomorphic,m e ∇ e λ A = 0, or antiholomorphic, m e ∇ e λ A = 0. Here m a andm a are the standard complex null vectors tangent to S and normalized bym a m a = −1, by means of which the metric area-element on S is −im [amb] . In fact, one can show that in the generic case there are two holomorphic/anti-holomorphic spinor fields and they can be normalized, provided S is homeomorphic to S 2 . Thus P AB ′ and J AB that we will study here are the two energy-momenta of Dougan and Mason [35] , and the two spin-angular momenta that we introduced in [36] , respectively. Then the formers can also be written as P
, where γ = −1 for the holomorphic, and γ = +1 for the anti-holomorphic spinor fields. In Minkowski spacetime, for example, the independent holomorphic spinors are anti-holomorphic too, and they are just the constant spinor fields restricted to S, when obviously P AB ′ = 0 and, as we saw above, J AB is also vanishing [36, 37] .
, is a standard GHP spin frame adapted to the 2-surface, ε 
Thus boldface capital indices are referring to a basis in the space of solutions, while the underlined capital indices to the GHP spin frame. For example, for a round sphere [39] of radius r the two linearly independent anti-holomorphic and holomorphic spinor fields are given by (A.2.2) and (A.3.2) of the Appendix, respectively. Substituting them into (2.2) we get zero, as could be expected in a spherically symmetric system.
It is known that the anti-holomorphic Dougan-Mason energy-momentum is a future directed nonspacelike vector if S is the boundary of some compact spacelike hypersurface Σ, the matter fields satisfy the dominant energy condition on Σ, and S is convex in the weak sense that ρ ′ ≥ 0 [35] . is pure radiation, which is also equivalent to the existence of one constant spinor field on S [46, 47] . J AB has already been calculated for (axi-symmetric) S bounding a pp-wave Cauchy development and it was shown that the Pauli-Lubanski spin S AB ′ is proportional to the (null) P AB ′ [36] . We have already calculated (2.2) for the Ludvigsen-Vickers-, the holomorphic-and the anti-holomorphic spinors for small spheres S r of radius r with respect to an observer t a at a point o ∈ M [37] . Considering this to be a function of the radius, J AB r , it can be expanded as a power series of r. The leading term is −
F for the Ludvigsen-Vickers and the holomorphic spinors, whilst that is its negative for the anti-holomorphic spinors. In vacuum the leading term is
F in all cases, where T abcd is the Bel-Robinson tensor and {E
A ′ form an orthonormal dual frame at o. Thus the 'pure gravitational field' itself does not seem to contribute to the spin-angular momentum in r 4 order.
On the other hand, for the leading term in the similar expansion of the quasi-local (anti-self-dual) angular momentum of the matter fields in Minkowski spacetime we get
is just an average of the approximate (and in Minkowski spacetime the exact) anti-self-dual boost-rotation Killing vector that vanishes at o, where the average is taken on the unit sphere S. Therefore, identifying this a.s.d. angular momentum of the matter fields with the r 4 order holomorphic
, we obtain α = −1, but identifying with the anti-holomorphic J AB r we get α = +1. Thus there are two equally reasonable conventions: Requiring the r 4 order terms to coincide with that of the angular momentum of the matter fields, whenever the sign α is present in the basic definition (2.1) and in the two cases the r 6 order leading terms of J AB r in vacuum are just minus the others; or to fix α once and for all for both constructions in the same way (e.g. by α = −1 as we did in [36, 37] ). We will see that in the latter case α = 1 would be a slightly more natural choice because the anti-holomorphic rather than the holomorphic constructions, both for the energy-momentum and spin-angular momentum, fit to the structure of the future null infinity. However, keeping in mind these observations, we retain our previous conventions, simply to facilitate the comparison with the previous works.
In the rest of the paper the 2-surface will be assumed to be a large sphere of radius r near the future null infinity in the sense defined in section 3 below, and the corresponding spin-angular momentum will be denoted by J AB r . Then, according to the general philosophy of the large sphere calculations [38, 39] , we expand the spinor components λ A A , the GHP spin coefficients and the area element dS r as series of 
where dS is the area element on the unit sphere S, then (2.2) takes the form*
(2.5) Therefore the r → ∞ limit of J AB r exists iff the r 2 and r order terms integrate to zero. Similarly,
6) which has a finite limit iff its r order term integrates to zero.
The geometry of large spheres
We assume that the spacetime is future weakly asymptotically simple [40] , and let (u, r, ζ,ζ) be the standard Bondi coordinate system in a neighbourhood of the future null infinity I + based on a cut S 0 of I + (the 'origin') (see also [48, 49] ). However, following [38] , we adapt the null tetrad (and the spin frame) to the foliation of the outgoing null hypersurfaces by the 2-spheres S (u,r) := {u = const, r = const}, which are called the large spheres. (In particular, the origin S 0 above can be thought of as the r → ∞ limit of the large spheres S (0,r) .) Explicitly, let o AōA ′ := l a := ∇ a u, which is geodesic, and impose the condition l a ∇ a o B = 0. Let 
Therefore, ⌉ ⊃ = (∂/∂r),
* We use two different notations for the expansion coefficients: f (k) (i.e. when the index k is between parentheses) denotes the coefficient of r −k in the expansion, which may turn out later to be zero. On the other hand, as is usual in the relevant literature, f k will denote the (k + 1)th nonvanishing expansion coefficient of the function f = f ( 1 r ). However, for a function f both f k and f (k) will never appear. where δ := m a ∇ a =: P (∂/∂ζ)+Q(∂/∂ζ), and ζ,ζ are the standard complex stereographic coordinates on the 2-sphere. In particular, on the unit sphere in the Minkowski spacetime the edth and edth-prime operators take the form 0
(p − q)ζf , which will be used in the subsequent calculations. Overdot will denote partial derivative with respect to u.
In the coordinate system (u, w, ζ,ζ), where w := r −1 and the future null infinity is given by w = 0, the BMS vector fields have the form
H is an arbitrary real valued function of ζ andζ, c i ∈ C, i = 1, 2, 3, and
and ξ 3 := 2ζ. For the generators of the BMS supertranslations c i = 0, and, in particular, the independent BMS translations take the form 
A } has the form
Thus the BMS translations above are properly normalized. In the conformal approach (see, e.g. [40] ) the GHP spin frame is rescaled byô 
′ )+O(Ω). Note that the functions
, where the phase in τ A has been (and in the rest of the paper will be) chosen as exp(iα) = −i. Therefore, apart from the (in general super) translation content, the generator of the anti-self-dual rotations at
, i.e. minus the symmetrized product of the functions τ A . In the Appendix we discuss how the generators of the translations and of the anti-self-dual rotations can be recovered from the solutions of various spinor equations on the cuts of I + .
Suppose that, at least in a neighbourhood of I + , the only matter field that we have is the electromagnetic field, represented by the components of the Maxwell spinor (see e.g. [48, 49] ). Imposing slightly stronger falloff conditions than that coming from the definition of the future weak asymptotic simplicity, viz. assuming
), Shaw found the asymptotic solution of the Einstein-Maxwell equations [38] . We need this solution with accuracy O(r −3 ). In particular,
This implies that the area element of the large sphere of radius r is dS (u,r) = r
i.e. in equation (2.4) s (1) = 0 and s (2) = −σ 0σ0 . The spin coefficients with definite (p, q) type are
while the spin coefficient representing the GHP connection 1-form is
Finally, for the Weyl and Maxwell spinor components one has the familiar peeling:
The spacetime will be called stationary, if it admits a timelike Killing vector field, at least on an open neighbourhood of I + , which can be extended to I + into a BMS translation [48, 38] . Then there is a cut, chosen to be the new origin, whose asymptotic shear is vanishing, and the asymptotic shear on the cut given by the supertranslation S : S → R with respect to the new origin is σ 0 = − 0 ′ ∂ 2 S. Then, after an appropriate translation of the new origin, the asymptotic value of the Weyl and Maxwell spinor components that we need in what follows on such a cut take the form
. Here M , e and µ are real constants, interpreted as the total mass, the total electric charge and the total magnetic charge, respectively, and J is a real function with structure J = m=1 m=−1 J m Y 1,m for some constants J 0 and J ±1 , where Y 1,m are the standard j = 1 spherical harmonics. Rewriting J by the familiar polar coordinates (θ, φ) (defined by ζ =: cot θ 2 exp(iφ)) into the form J = j 1 sin θ cos φ + j 2 sin θ sin φ + j 3 cos θ, the real constants j i = (j 1 , j 2 , j 3 ) defined in this way are interpreted as the components of the total spatial angular momentum of the stationary solution. In particular, for the Kerr-Newman solution j 1 = j 2 = 0 and j 3 = M a, and hence on the shear-free u = const. cuts
(Its apparent deviation from the expression given in [17, 38] by the factor − exp(iφ) is a consequence of the different choices for the holomorphic coordinates on S: Our choice isζ [even if spherical polar coordinates are present], while in [17, 38] it is − logζ = log tan θ 2 + iφ.)
The anti-holomorphic spin-angular momentum
Substituting the expansion λ A =:
.. of the spinor components and the expressions (3.2-9) for the functions P and Q and the spin coefficients into the equations defining the anti-holomorphic spinor fields on S (u,r) , we obtain the following hierarchy of equations
Thus by (4.1.a-b) the zeroth order spinor components are just the components of the constant spinors of Minkowski spacetime, and hence, in addition to (4.1.a-b), they satisfy 0
Therefore, there are precisely two solutions λ A A (0) , A = 0, 1, of (4.1.a-b), and we choose them to be given explicitly by (A.2.2) with ρ ′ = 1 2r (see the Appendix). Since the left hand side of (4.1), (4..2) and (4.3) are the same, the solution in each order will be the sum of a particular solution and the general zeroth order (i.e. the constant) solution. Therefore, the general r −2 accurate anti-holomorphic spinor fields form a six rather than the expected two complex dimensional space. In fact, in the small sphere calculations [37] we had similar spurious solutions, due to the fact that there is no natural isomorphism between the space of the anti-holomorphic spinor fields on two different two-surfaces. Thus they represent a gauge ambiguity in the first and second order corrections, and the physical quantities must be invariant with respect to the substitutions
for any constants C A and D A .
To compute the spin-angular momentum based on equation (2.5), first observe that the integral of the r 2 order term is vanishing, because that is just the spin-angular momentum in Minkowski spacetime. However, the r order term of the integrand is
where we used equations (4.1) and (4.2); furthermore, by (4.1) the last of the second term is a total divergence:
Thus for the anti-holomorphic spinor fields J AB r is diverging at I + unless the integral
is vanishing. (We return to the discussion of L AB below.) Next let us consider the r 0 order term of (2.5):
where ρ ′(3) is the 3rd order term of ρ ′ in (3.7), and we used (4.1.a), (4.2.a) and (4.3.a). Substituting (3.7)
here, using (4.1.b) and the consequences 0
(0) of (4.1), the integral of the first three terms of the right hand side of (4.6) can be written as
Using (4.2.a) again, the integral of the last term on the right hand side of (4.6) can be rewritten as
dS. (1) + ...) it follows that C AB must be symmetric.)
Substituting this into (4.8) and using (4.2.a) we obtain
However, the first integral on the right hand side of (4.9) is vanishing, while, taking into account (4.4), the second is seen to be proportional to L AB above. Therefore, the anti-holomorphic spin-angular momentum for the large sphere of radius r is
where we introduced the notations
11)
Therefore, as we noted above, the quasi-local spin-angular momentum based on Bramson's superpotential and the anti-holomorphic spinors is diverging at the future null infinity, furthermore, its finite part is ambiguous unless L AB is vanishing. In addition, contrary to expectations, the electromagnetic field contributes to J AB r in the O(1) order. On the other hand, the first three terms together in the integrand of I AB is just the integrand of Bramson's specific spin-angular momentum expression based on the asymptotic twistor equation [22] . Though in the present case the spinor fields λ However, L AB is not zero in general, because its components are proportional to that of the spatial part of the Bondi-Sachs energy-momentum
To see this, let us substitute the explicit solutions (A.2.2) into (4.5). We obtain and (ζζ − 1)(1 + ζζ) −1 , respectively, which are proportional to the independent spatial BMS translations.
Therefore, the anti-holomorphic spin-angular momentum can be finite only in the center-of-mass system (i.e. when the spatial components of the Bondi-Sachs energy-momentum are vanishing), and hence I AB in the O(1) part of (4.10) appears to represent only the intrinsic or spin part of the total angular momentum,
while rL AB appears to be the orbital part of the angular momentum. To check whether this interpretation is correct we should calculate the quasi-local Pauli-Lubanski spin (2.4) built from the quasi-local antiholomorphic Dougan-Mason energy-momentum P AB ′ and the anti-holomorphic spin-angular momentum.
However, to compute the spin, we need to know the Dougan-Mason energy-momentum for large spheres with O(r −1 ) accuracy. Since this has been calculated only in stationary spacetimes [39] (where a physical term was apparently overlooked and the gauge ambiguity caused by the spurious solutions was not considered at all), first we must calculate this.
The r order part of (2.6) is vanishing, because S λ
has a finite r → ∞ limit at I + . Substituting (3.5) and (3.7) into the finite term of (2.6), using (4.1.a), 0
(0) and its complex conjugate, (4.2.a) and the fact that
is real, we obtain
Since the last term of the integrand is a total 0
), the finite part of (2.6) is, in fact, the BondiSachs energy-momentum (4.13).
The O(r −1 ) term of (2.6) is
(4.14) Here first we used 0 is real. However, as we saw above, λ A 0
, and by means of which (4.2.a)
spin weight quantities is isomorphism (see e.g. [47, 50] ), we can write λ 
where we used the notations
Therefore, as it could be expected, the r −1 order term in the expansion of the anti-holomorphic Dougan-
Mason energy-momentum is ambiguous, and, in addition to the electromagnetic contribution, there is an extra term. Note that E AB above is related to F AB ′ like L AB to ∞ P AB ′ , and hence
Substituting (4.10) and (4.15) into (2.4) and using how the components of L AB and E AB are related to those of ∞ P AB ′ and F AB ′ , respectively, we obtain
The diverging term, the ambiguities and the contribution of the electromagnetic field disappeared. Therefore, the quasi-local Pauli-Lubanski spin vector built from the anti-holomorphic Dougan-Mason energy-momentum and the anti-holomorphic spin-angular momentum (2.2) has finite limit at the future null infinity, it is free of ambiguities, and is built only from the gravitational data. Note that our Pauli-Lubanski spin is free of the so-called supertranslation ambiguity, because this is defined in terms of the solutions of an elliptic differential equation on the cut in question, and not by means of the BMS boost-rotation vector fields. Thus the present construction is similar in its spirit to that of Penrose [12] . The fact that we could derive only a Pauli-Lubanski spin is compatible with the idea of Bergmann and Thomson [21] that the gravitational angular momentum should be analogous to spin (justifying the 'spin-angular momentum' terminology), but raises the question as whether that should be completed by an orbital angular momentum part or not. Another interesting issue is how the Pauli-Lubanski spin changes under (infinitesimal) supertranslations, in particular, under time translations; or whether there exists a flux for S AA ′ through I + or not. However, these questions are beyond the scope of the present paper.
Stationary spacetimes
Suppose that the spacetime is stationary. First we show that all the terms of the integrand of (4.12) involving the asymptotic shear together integrates to zero. Bramson already showed that 2σ
, which, together with 0
gives that the first two σ 0 -terms of the integrand of (4.12) give zero. To evaluate the last term of the integrand, first we must solve (4.2.a). In stationary spacetimes (4.2.a) takes the form 0
(0) . Substituting this into the last term of the integrand, that takes the form
Therefore, the last term of the integrand of (4.12) integrates to zero, too. By
(0) ), and by
(0) ). Thus in stationary spacetimes (4.10) reduces to
which is the 'standard' expression for the angular momentum in stationary spacetimes. In fact, substituting , we obtain ∞ P
. Hence in stationary spacetimes the Pauli-Lubanski spin reduces to that of Bramson. As he showed [23] , this is invariant with respect to supertranslations.
The holomorphic spin-angular momentum
For the components λ A =:
.. of the holomorphic spinor fields on S (u,r) we obtain the equations
Therefore, the zeroth order holomorphic spinors are not constant unlessσ 0 is vanishing, and hence the coefficient of the r 2 order term of (2.5) is not zero in general. Therefore, the quasi-local spin-angular momentum (2.2) based the holomorphic spinor fields is diverging near I + in presence of outgoing gravitational radiation.
Thus let us concentrate on spacetimes for whichσ 0 = 0. Then λ 0 (0) , λ 1 (0) are components of a constant spinor field on S, implying the vanishing of the r 2 order term in (2.5), and the vanishing of the first term on the right hand side of (6.2.b). Then, however, its general solution is λ . Therefore, the integrand of the r order term of (2.5) is
However, its integral is zero, i.e. in absence of outgoing gravitational radiation (i.e. ifσ 0 = 0) the quasi-local angular momentum based on (2.2) and the holomorphic spinor fields has a finite limit at the future null infinity.
To calculate this finite value let us consider the r 0 order term of (2.5). Using the explicit solutions for
(1) and λ A 1 (1) above, the fact that λ A A (0) is constant and (6.3.a) we obtain
which is precisely Bramson's specific spin-angular momentum expression based on the asymptotic twistor equation. Thus, substituting σ 0 = − 0 ′ ∂ 2 S here, finally we obtain (5.1), i.e. for stationary spacetimes the holomorphic and the anti-holomorphic constructions give the same 'standard' expression. We expect that at the past null infinity the holomorphic construction works properly, and the anti-holomorphic diverges in presence of incoming gravitational radiation.
Appendix: Special spin frames and asymptotic symmetries of I The other is the spinor form of the covariant derivative operator δ e defined on any spacetime vector field
The difference of these two connections is essentially the extrinsic curvature of S in the spacetime. (For the details see e.g. [50, 51] .) Representing the spinor bundle by the line bundles E(p, q), p − q ∈ Z, the derivative operator δ e can be represented by the edth and edth-prime operators ′ ∂ and ′ ∂ ′ [52] . Explicitly, by the isomorphism [50] .) The irreducible parts of ∆ e and δ e , respectively, are
In particular, a spinor field λ A is constant on S with respect to ∆ e iff (λ 0 , λ 1 ) ∈ ker(
As Bramson showed [53] , such a spinor field does not exist even on large spheres near the future or past null infinity in a general asymptotically flat spacetime; and for a finite topological 2-sphere, being the boundary of some compact spacelike hypersurface Σ on which the dominant energy condition is satisfied, the existence of a constant spinor field implies that D(Σ) must have a pp-wave metric [46, 47] . To weaken the notion of the ∆ e -constant spinor fields on S or on the cuts of I + , in principle there are six natural possibilities.
These are represented by the kernel of the first order operators (see [47] ) ∆ := ∆
However, it is easy to see that the existence of a nontrivial δ e -constant spinor field implies the vanishing of the curvature of δ e , and then, via e.g. the Gauss-Bonnet theorem, that the 2-surface must be a torus (see [50] ). Thus if we want to weaken the condition δ e λ A = 0, we naturally arrive at the first order operators δ := δ
which is just the (holomorphic and anti-holomorphic) Dougan-Mason energy in an appropriate basis, because the mass is
Thus, in general, the operators ∆ and δ do not define special spinor fields on round spheres. On the other hand, on large spheres near the future null infinity the Dirac-Witten equations tend to ∞ ∆(λ 0 , λ 1 ) = 0, the Dirac-Witten equations on the unit round sphere in Minkowski spacetime. But 
i.e. λ A is anti-holomorphic with respect to ∆ e or δ e iff H − (λ 0 , λ 1 ) = 0 or h − (λ 0 , λ 1 ) = 0, respectively.
The symplectic scalar product of any two anti-holomorphic spinor fields (with respect to either ∆ e or δ e ) is anti-holomorphic, and hence constant on S. H − and h − are elliptic, and their index is 2(1−g), where g is the genus of S. Therefore, in the generic case on topological 2-spheres their kernel is two complex dimensional. In fact, by dim ker (1,0) . Therefore, the space of δ e -anti-holomorphic spinor fields does not inherit a natural SL(2, C) scalar product from ε AB . However, on round spheres these spinor fields can be normalized with respect to each other: For α A ,α A ∈ ker h − the combination α 0ᾱ0 ′ +α 0ᾱ0 ′ is constant on S, and can be required to be √ 2. In fact, on round spheres for the two independent explicit solutions we can choose , respectively, and their normalization with respect to the unit sphere volume form is given by S (α
Since on large spheres the equations for the δ e -anti-holomorphic spinor fields are just those on the round unit sphere, the contravariant form of the independent δ e -anti-holomorphic spinor fields on cuts of I + are given by . These δ e -anti-holomorphic spinor fields are used in [55] to find a relationship between the Bondi-Sachs mass at the past null infinity and the area of a marginally trapped surface.
For the independent ∆ e -anti-holomorphic spinor fields on round spheres we choose
These are normalized with respect to the pointwise SL(2, C) scalar product:
natural spin space structure is inherited on the space of ∆ e -anti-holomorphic spinor fields on round spheres. The L 2 scalar product of the spinor components are S ν
A reduces to the restriction to S of −E A A = {I A , −O A }, minus the dual of the Cartesian spin frame (3.1). Since the equations for the ∆ e -anti-holomorphic spinor fields on large spheres are the ones on the round unit sphere in Minkowski spacetime, the spinor constituents of the BMS translations on the cuts of I + are given by the components of the ∆ e -anti-holomorphic spinor fields via
ε BA , and hence the spinor constituents themselves are
This representation of the BMS translations is used in [35] . The expression of the main part of the anti-selfdual BMS rotations by the ∆ e -anti-holomorphic spinors is then obvious. 
A.3 The holomorphy operators H
form a normalized spin frame in the space of ∆ e -holomorphic spinor fields, which in Minkowski spacetime reduce to {I A , −O A }. However, the ∆ e -holomorphic spinor equations on large spheres near the future null infinity do not reduce to the ones on a round sphere: Because of theσ 0 term in ∞ T + the solutions of A o B , defining a GHP-spin frame independent notion of chirality on the spin spaces (see [51] ). C On round spheres with non-zero ρ the kernel of C + is just the kernel of H + ; i.e. for the two explicit solutions we can choose (A.3.2). However, the equations C + (λ 0 , λ 1 ) = 0 on large spheres near the future null infinity tend to the asymptotic twistor equations of Bramson [53] , which turn out to be the equations C + (λ 0 , λ 1 ) = 0 on the round unit sphere in Minkowski spacetime, and hence ker ∞ C + = ker ∞ H + still holds.
Therefore, the ι A -components of the normalized solutions of the asymptotic twistor equation reproduce the components τ A of the spinor constituents of the BMS translations on I + , and the solutions themselves are
. This is one of the most popular representation of the BMS translations (see [22] [23] [24] 34, 38, 40, 56] ). The expression of the BMS rotations is then straightforward. A.6 The 2-surface twistor operators T and t
The 2-surface twistor equations T (λ 0 , λ 1 ) = 0 can be written into the covariant form T E ′ EA B λ B := ∆ E ′ (E λ A) + 1 2 γ EA γ BC ∆ E ′ B λ C = 0; i.e. the vanishing of the γ AB -trace-free symmetrized ∆ e -derivative of λ A (see [45] ).
Similarly, t(λ 0 , λ 1 ) = 0 is equivalent to δ E ′ (E λ A) + In absence of outgoing gravitational radiation ∞ T reduces to the homogeneous ∞ t, whose solutions are just those of T and of t on the unit round sphere. Interestingly enough, in the conformal approach of the 2-surface twistor equation on the cuts of I + (see [12] [13] [14] [15] [16] [17] [18] [19] [20] 38, 40] ) the absence of outgoing gravitational radiation yields the homogeneous equations 0 ′ ∂λ 0 = 0, 0 ′ ∂ ′ λ 1 = 0 only after an appropriate supertranslation.
